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This study investigates the dynamic behavior of a 

functionally graded piezoelectric plate using a Finite Element 

(FE) model based on the First-order Shear Deformation Theory 

(FSDT). The effects of varying power law indices (0, 0.2, 0.5, 

1, 2, and 5) and porosity ratios (0 to 0.5) on the actuation 

properties, including frequency and amplitude, are analyzed 

through harmonic analysis. The results indicate that increasing 

the power law index leads to higher natural frequencies and 

lower displacement amplitudes. In contrast, while porosity 

causes a slight frequency shift, the amplitude significantly 

decreases with increasing porosity. The study also highlights 

the material transition from metal to ceramic as the power law 

index and porosity ratio vary, providing valuable insights into 

the performance of functionally graded piezoelectric plates. The 

results reveal that raising the power law index enhances the 

natural frequency while decreasing the displacement amplitude.  

This arises because higher power law indices result in a stiffer, 

ceramic-dominated material, which improves stiffness while 

reducing deflection. 

In contrast, porosity has a minimal effect on the 

frequency but significantly influences the amplitude, causing it 

to decrease as the porosity ratio increases. The study sheds light 

on how variations in material composition, from metal to 

ceramic, affect the dynamic response of functionally graded 

piezoelectric plates.  These discoveries are critical for 

optimizing the design of piezoelectric plates for use in sensors 

and actuators.  

1. Introduction 

Functionally Graded Materials (FGMs) with piezoelectric layers refer to advanced 

composite materials where the Functionally Graded Material (FGM) serves as the core. In 

contrast, piezoelectric layers are applied on the top and bottom surfaces. These materials are 

designed to exhibit a gradual variation in material properties (e.g., stiffness, conductivity, or 

thermal properties) through their thickness. At the same time, the piezoelectric layers on the 

surfaces enable the material to generate an electrical charge in response to mechanical stress or 
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deformation. Piezoelectric layers can be used for sensing, actuating, or energy harvesting 

(Bendine et al., 2017; He et al., 2001). These materials are commonly used in applications such 

as smart sensors, adaptive structures, vibration damping, and energy harvesting devices. The 

combination of a functionally graded core and piezoelectric surfaces enables improved 

performance, as it allows for tailored mechanical and electrical responses that can be adjusted to 

meet the specific needs of the application. 

Porosity within Functionally Graded Materials (FGMs), especially when the material 

is manufactured using advanced 3D-based techniques (Thieme et al., 2001), can significantly 

influence the behavior of the resulting structure, including piezoelectric FGMs. The porosity 

can arise due to the inherent nature of the additive manufacturing process, where pores or 

voids may be unintentionally introduced during layer-by-layer construction. These voids lead 

to localized changes in material properties, such as stiffness and density, which can adversely 

affect the mechanical integrity and performance of the FGM (Chedad et al., 2022; Kumar & 

Harsha, 2022a). In piezoelectric FGMs, the presence of porosity can disrupt the uniformity of 

the electric field generated during mechanical deformation, leading to nonlinearities in the 

piezoelectric response (Sharma, 2022; Wang & Zu, 2017). Additionally, the spatial 

distribution and gradation of porosity can further complicate performance, as they alter the 

way strain is transferred between the piezoelectric layers and the functionally graded core. 

Such changes may reduce the effectiveness of energy harvesting or sensing applications, and 

careful consideration must be given to controlling porosity during the design and 

manufacturing processes to ensure optimal performance of piezoelectric FGMs. 

Researchers have employed various modeling techniques to evaluate and analyze the 

effect of porosity on the actuation and sensing properties of Functionally Graded Materials 

(FGMs). These techniques encompass both analytical approaches (Kumar & Harsha, 2022b) 

and Finite Element (FE) methods (Bendine et al., 2023), each offering distinct advantages in 

capturing the behavior of FGMs under different conditions. In this paper, an FE-based model 

is utilized to investigate the influence of both the power law index and porosity ratio on the 

actuation properties of a functionally graded piezoelectric plate. The analysis is performed in 

the frequency domain to examine how porosity affects the natural frequencies of the system. 

This study aims to provide deeper insights into the relationship between material composition, 

porosity, and dynamic response. The present paper is divided into two main sections: the first 

section presents the fundamental formulation used in this study. In contrast, the second 

section shows the key results obtained from the analysis. 

2. Formulation 

Several computational models have addressed the challenge of selecting appropriate 

functions to define the properties of Functionally Graded (FG) materials, with various criteria 

proposed for this selection. In the present work, the simple power law distribution is 

employed, as it possesses all the necessary characteristics for modeling. Consequently, the 

material properties can be expressed as follows (Kumar & Harsha, 2022a, 2022b): 
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Where: 𝐸𝑓𝑔𝑚(𝑧), 𝜌𝑓𝑔𝑚(𝑧), 𝑎𝑛𝑑 𝑛 are Young’s modulus, mass density, and the power 

law exponent, respectively. The subscripts 𝑚 and 𝑐 represent the metallic and ceramic 

constituents, respectively. 𝑉𝑐 is the volume fraction of the ceramic. The Functionally Graded 

Material (FGM) law is reformulated to account for the presence of porosity. In this case, the 

pores are uniformly distributed across the thickness of the material. The revised law on FGM 

affected by porosity is given as follows (Nan et al., 2020; Wang & Zu, 2017): 
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Where α is the volume fraction of porosity, a smart FGM plate with two piezoelectric 

layers bonded on its top and bottom surfaces is considered. One layer acts as a sensor and the 

other as an actuator. 

The dynamic governing equations of a piezoelectric FGM plate can be derived using 

Hamilton’s principle: 
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Where Π  is the kinetic energy, Ξ is the strain energy, and Q is the work done by 

applied forces. 

The kinetic energy is defined as: 
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Where ρ is the mass density, and 𝜇̇ is the vector of the mechanical velocity along the 

(𝑥, 𝑦, 𝑧) directions. The strain energy can be expressed as: 
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Where:  𝑓𝑠 is the surface force,  𝐹𝑝 is the point force, 𝑞𝑠 and Qp are the external 

surface charges and point charges, respectively. T is the electric potential difference vector 

across the piezoelectric layer. According to the First Order Shear Deformation Plate Theory 

(FOSDT), the displacement field can be expressed by the following equations: 
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Where: 𝑢, 𝑣, 𝑎𝑛𝑑 𝑤 are the displacement components at any point in the laminate 

along the x, y, and z axes, respectively.  [u0, v0] 𝑎𝑛𝑑 w0 are the in-plane and transverse 

displacements in the x and y axes, respectively.  [θx, θy] are the rotation angles of the mid-

plane around the x and y axes, respectively. Equation (7) can be expressed in matrix form as: 

                       H =                 (8) 

Where 
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The strain-displacement relations can be expressed as follows: 
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The generalized strain vector Ψ corresponding to the mid-plane can be expressed as: 
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The following relationship can rewrite the generalized strain vector Ψ: 

               L =                (16) 

Where L is a derivative operator matrix given by: 
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From Hooke’s Law, the stress-strain relationship for the k th orthotropic layer is given by: 
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̅̅ ̅̅ ] Are the material constants given by: 
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 The piezoelectric layers are assumed to be perfectly bonded to the host FGM plate. The 

coupling relationship between the electrical and mechanical behavior can be described by: 
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Where [𝑒], [𝐶], and [𝜖] are the piezoelectric stress coefficient matrix, the constitutive 

matrix, and the dielectric constants matrix, respectively. The vector of electric field 

components can be expressed as: 

                              E x y zE E E=               (20) 

If the electrical potential field distribution varies linearly across the thickness of a 

piezoelectric element, and the voltage difference across its thickness is constant over its whole 

area, the vector of electric field {E} can be expressed as: 
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Where 𝜑 is the applied voltage to the piezoelectric patch. In this work, a four-node 

isoparametric quadratic element with five mechanical degrees of freedom at each node is 

used. The displacement components (Ui) in Equation (1) will be approximated using six 

mechanical nodal variables: 
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Where 𝑁𝑖 and 𝜒𝑖  =  [𝑢0𝑖  𝑣0𝑖  𝑤0𝑖 𝜃𝑥𝑖  𝜃𝑦𝑖] are the interpolation function and the 

element nodal displacements for the i th node, respectively. Substituting Equation (22) into 

Equations. (3) and (5), the generalized strain vectors {𝜀} at any point within the element are 

obtained by: 
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Where [𝐵𝑖] is given by: 
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By substituting Equations (3), (4), and (5) into Equation (1) and using Equations (19), 

(21), (22), and (23), the final form of the governing Equation can be expressed as: 
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[M], [C], [Kme], [Ke] And {Fm} are respectively the mass, the elastic stiffness, the 

damping, the piezoelectric, the dielectric stiffness matrices, and the vector of external nodal 

mechanical forces.  The above matrices are given as follows: 

 K T

i iB CB d= 
Ω

Ω   (29) 

K T R

iB e B d= 
Ω

Ω   (30) 

K T T

iB e B d= me

Ω

Ω   (31) 

K T

iB B d= e

Ω

Ωò   (32) 

M TN mNd= 
Ω

Ω   (33) 



        Kouider Bendine et al. HCMCOUJS-Advances in Computational Structures, 15(2), 3-16 9 

Where 

                               

1 2

1 2

1

2 3

2 3

0 0 0

0 0 0

0 0 0 0

0 0 0

0 0 0

I I

I I

m I

I I

I I

 
 
 
 =
 
 
  

                (34) 

In which  

                               

( ) ( )
2

2

1 2 3

2

, , 1, , ,          

h

h

z z dz
−

= I I I

 

(35) 

3. Ansys model 

An Ansys APDL code was developed for the purpose. The algorithm defines a macro 

file function (mat fgm K) to calculate the material properties of a functionally graded 

piezoelectric plate, assuming the material is graded along the z-coordinate (thickness) in 

Ansys. The algorithm computes the gradient-based material properties, including Young’s 

modulus (E fgm), Poisson’s ratio (ν fgm), and density (ρ fgm). These properties vary along 

the thickness direction according to a predefined power law distribution (Equation (2)). A 

looping structure is used to iterate through discrete thickness layers, updating the material 

properties at each step. The computed material properties are then assigned to finite element 

volume elements using the MP (material property) and VATT (volume attribute) commands 

in ANSYS APDL. The algorithm also ensures that the selected volume elements receive the 

appropriate properties before finalizing the process. The final material distribution is stored in 

Table 1 (Our Program) for further analysis or post-processing, ensuring the accurate modeling 

of functionally graded materials in the finite element simulation - algorithm pseudo-code. 

Table 1  

ANSYS APDL Model for FG Piezoelectric Plate 

Step Description 

1 Define Procedure mat_fgm K(z coord) 

1 Define Procedure mat_fgm K(z coord) 

1.2 Assign z coord = arg2 

1.3 Compute: grad_common = (z coord + 0.5)n z to calculate the gradient 

1.4 E fgm = (Et − Eb) ∗ grad common + Eb − (alfp/2) ∗(z coord + 0.5) ∗ (Et + Eb) 

1.5 Set Poisson’s ratio: nu_fgm = 0.3 

1.6 den_fgm = (denst − densb) ∗ grad typical + densb − 

 (alfp/2) ∗ (z coord + 0.5) ∗ (denst + densb) 

1.8 End Procedure. 

2 Initialize Variables 

2.1 Set counter = 1 

2.2 Set vsl = 0 
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Step Description 

3 Loop over z-coordinates from −b/2 to (b/2 − v numb z) with 

 step v numb z 

3.1 Assign z coord = j 

3.2 Increment counter ← counter + 1 

3.3 Increment vsl ← vsl + 1 

3.4 Call mat fgm K(z coord) to compute material properties 

3.5 Define material properties: 

 • mp, ex, counter, E fgm (Young’s modulus) 

 • mp, prxy, counter, nu fgm (Poisson’s ratio) 

 • mp, dens, counter, den fgm (Density) 

3.6 Select Volume: VSEL, S, volu, vsl 

3.7 Assign Material Properties: VATT, counter, 1, 0 

3.8 Select all volumes: VSEL, ALL 

3.9 Store density value: MyTable(1, vsl) ← den fgm 

4 End Loop 

5 End Algorithm 

Note. The researcher’s data analysis 

4. Results and discussion 

In this section, the accuracy of the proposed model is assessed through a series of 

simulations. The effectiveness of the model is evaluated by comparing its results with those 

available in the existing literature. Specifically, the natural frequencies are used as a benchmark 

to validate the proposed model. The natural frequencies are extracted from the simulations and 

presented in Table 2, where they are compared with the results reported in He et al. (2001). 

Strong agreement is observed, with discrepancies in the results being less than 1%. 

Table 2  

Comparison of Mode Frequencies for Different Methods 

Mode No. 1 2 3 

n = 0    

He et al. (2001) 25.58 62.75 157.20 

Q4 (present) 25.45 62.70 156.69 

ANSYS 25.68 63.00 158.51 

n = 1    

He et al. (2001) 35.33 87.52 218.04 
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Mode No. 1 2 3 

Q4 (present) 36.42 100.22 228.29 

ANSYS 27.02 91.52 229.01 

n=10    

He et al. (2001) 43.97 109.48 271.63 

Q4 (present) 45.40 124.93 284.55 

ANSYS 46.78.02 116.44 289.96 

Note. Data analysis results of the research 

Additionally, the effects of porosity and the power-law index on the system’s behavior 

are investigated through harmonic analysis. Seven distinct values of the power-law index are 

tested, and four different porosity ratios are examined. The plate is composed of a Functionally 

Graded Material (FGM) with piezoelectric layers applied to both the top and bottom surfaces 

(e.g., “see Figure 1”). The dimensions of the plate are 0.4 × 0.4 × 0.005 meters, with the 

piezoelectric layer having a thickness of 0.1mm. The material properties used in these 

simulations are summarized in Table 2. Harmonic analysis is performed by applying a 100V 

excitation to the piezoelectric layers within a frequency range of [0, 80] Hz, with a particular 

focus on the system’s first natural frequency. 

Figure 1 

Ansys Finite Element Model for Functionally Graded Piezoelectric Plate 

 
Note. Data analysis results of the research 

 Different values of the power law index, ranging from 0 to 5 (i.e., 0, 0.2, 0.5, 1, 2, and 

5), were tested to investigate their influence on the system’s frequency and amplitude. The 

results revealed that as the power law index increased, the natural frequency of the plate rose 

significantly, accompanied by a decrease in the amplitude. This behavior is attributed to the 

enhanced stiffness of the material as the power law index increases, leading to a higher 

frequency response. As shown in Figure 2, which presents a 3D plot of porosity (x-axis), 

frequency (y-axis), and displacement (z-axis) for different power-law indices, the frequency 

generally increases as the power-law index increases, while the displacement tends to decrease.  
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Figure 2 

Frequency Response of the Plate for Different Power-Law and Porosity Ratios 

 
Note. Data analysis results of the research 

Regarding the effect of porosity, several porosity ratios were tested, including 0, 0.1, 

0.2, 0.3, 0.4, and 0.5. The findings indicated a slight shift in the natural frequency as the 

porosity ratio increased, but the most notable observation was the significant reduction in 

amplitude with higher porosity values. This suggests that increasing porosity reduces the overall 

energy transfer and the efficiency of the piezoelectric material. Figures 3 to 8 provide 2D plots 

for different power law indices (0, 0.2, 0.5, 1, 2, and 5) versus porosity, showing how the 

frequency and amplitude behave under varying porosity ratios. Specifically, Figure 3 presents 

the results for power law 0, while Figures 4 through 8 illustrate the results for power law indices 

of 0.2, 0.5, 1, 2, and 5, respectively. These figures reveal a consistent trend of frequency 

increase and amplitude decrease with increasing porosity, which is more pronounced as the 

power law index increases. Additionally, the material properties transitioned from fully metallic 

to fully ceramic as the power law index and porosity varied, further influencing the dynamic 

response of the system. Overall, this study highlights the complex interplay between power law 

index, porosity ratio, and material composition, and their effects on the frequency and amplitude 

behavior of the functionally graded piezoelectric plate. 

Figure 3 

Frequency Response of a Power-Law Plate (PL = 0) with Different Porosity Fractions 

 
Note. Data analysis results of the research 
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Figure 4 

Frequency Response of a Power-Law Plate (PL = 0.2) with Different Porosity Fractions 

 
Note. Data analysis results of the research 

Figure 5 

Frequency Response of a Power-Law Plate (PL = 0.5) with Different Porosity Fractions 

 
Note. Data analysis results of the research 

Figure 6 

Frequency Response of a Power-Law Plate (PL = 1) with Different Porosity Fractions 

 
Note. Data analysis results of the research 
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Figure 7 

Frequency Response of a Power-Law Plate (PL = 2) with Different Porosity Fractions

 

Note. Data analysis results of the research 

Figure 8 

Frequency Response of a Power-Law Plate (PL = 10) with Different Porosity Fractions 

 
Note. Data analysis results of the research 

5. Conclusions 

In this study, the dynamic behavior of functionally graded piezoelectric plates was 

analyzed under varying power law indices and porosity ratios using finite element modeling. 

The results demonstrate that the power law index has a significant influence on the natural 

frequency and amplitude of the plate, with higher power law indices leading to increased 

frequencies and reduced displacement amplitudes. Conversely, porosity has a noticeable 

effect on the amplitude, with an increase in porosity resulting in a decrease in displacement, 

while the shift in frequency remains minimal. The transition of material properties from 

metallic to ceramic also played a key role in the system’s dynamic response. These findings 

offer valuable insights into the design and optimization of functionally graded piezoelectric 

materials, particularly in applications that require precise control over actuation properties. 
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