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1. Introduction

Functionally Graded Materials (FGMs) are advanced composites with material
properties that vary gradually through the thickness, typically from ceramic to metal. First
introduced by Japanese researchers in 1984, FGMs were designed to overcome stress
concentration and interface issues. Due to their ability to withstand high temperatures, they are
widely used in applications such as nuclear reactors and aerospace. Recent advances in
manufacturing have enabled their use in sandwich structures, offering smooth property
transitions between face sheets and the core.

Due to their significance and wide-ranging engineering applications, gaining insight into
the behavior of FGM sandwich structures is essential. Qingshan et al. (2017) proposed a semi-
analytical method to investigate the free vibration of the FG sandwich doubly-curved panels and
shells of revolution with arbitrary boundary conditions. Rezaiee-Pajand et al. (2019) developed a
mixed interpolated formulation for the nonlinear analysis of FG sandwich plates and shells.
Setoodeh et al. (2019) used the generalized differential quadrature method to present the free
flexural vibration behavior of doubly curved complete and incomplete sandwich shells with an FG
porous core. The Finite Element Method (FEM) based on the Higher-order Shear Deformation
Theory (HSDT) was developed by Singha and Bandyopadhyay to investigate free vibration
characteristics of sandwich shallow shells with FG-GRC face sheets and porous core. Eroglu et al.
(2025) used a Navier-type solution method to analyze the thermomechanical free vibration and
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buckling behavior of doubly-curved sandwich shell structures with a core of FG graphene-
reinforced foam and metal or ceramic face layers. Foroutan and Torabi (2024) introduced a semi-
analytical method to examine the nonlinear vibrations and dynamic postbuckling analyses of
sandwich porous FG cylindrical shells with dual-layered FG porous cores.

The Smoothed Finite Element Method (S-FEM) is a novel computational approach
developed to overcome limitations of the traditional Finite Element Method (FEM), particularly
locking phenomena and artificial stiffness. Unlike classical FEM, S-FEM employs strain
smoothing techniques over subdomains, which improves solution accuracy and convergence
performance, simplifies numerical integration, and reduces computational cost. Since its
introduction, S-FEM has been extended into various forms such as node-based (Nguyen et al.,
2010), edge-based (Cui, 2009), and cell-based S-FEM (Nguyen, 2012). These variants have
demonstrated superior performance in a wide range of mechanical problems, especially when
using linear elements or coarse meshes. Recent studies show that S-FEM not only enhances
accuracy but also increases the stability of numerical solutions without increasing the number of
degrees of freedom. With these advantages, S-FEM is emerging as a promising computational
tool, attracting significant attention for applications in complex problems of modern mechanics.

In the framework of the present study, the authors employ the edge-based smoothed
technique applied to the MITC3i element (Lee, 2014) to investigate the static response of
Functionally Graded (FG) sandwich spherical shells. To the best of the authors’ knowledge, no
similar study has been reported in the literature thus far. Therefore, this work is expected to
provide new insights into the application of an enhanced finite element method for analyzing
FG sandwich shell structures. The accuracy and convergence of the proposed method are
verified through comparisons with benchmark solutions available in the literature. Based on
this verification, the static displacement responses of FG sandwich spherical shells are then
computed and analyzed.

2. Mathematical framework
2.1. FG sandwich material

Rectangular FG sandwich spherical shells, as depicted in Figure 1, are considered in
this study. The notation h; — h, — h; represents the respective thickness proportions of the
bottom face sheet, the core layer, and the top face sheet of the shell structure.

Figure 1
FG Sandwich Spherical Shell Model
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Note. The researcher’s data analysis
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The volume fraction Vc(i) the ceramic of each layer is given by:

Z— 71\
-2 e

Zy — 7,
VC(Z) =1 z € (2y;23) 1)
3 z—z4\F
VAR <H) zZ € [z3; 24]

The equivalent material characteristics of FG sandwich shells are determined by:
PO(2) = RV + By (1-V?), i=123 )

Where P®(z) stands for the material characteristics of each layer, P,, and P. are the
corresponding properties of the metal and ceramic, respectively. £, p, and v are Young’s modulus,
Poisson’s ratio, and mass density, respectively; k is the power-law index. Figure 2 displays the
effective material properties versus the thickness of the FG sandwich spherical shells.

Figure 2
The Effective Material Properties Versus the Thickness of the FG Sandwich Shells (1-2-1)
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2.2. The FG sandwich shell model

Let us consider an FG sandwich spherical shell element that is subjected to both
membrane forces and bending moments, as illustrated in Figure 3. The shell’s mid-surface
(neutral surface) is adopted as the reference plane, occupying the spatial domain Q € R3.
Denote u,, vy and wy as the translational displacements of this mid-surface along the x, y, and
z axes, respectively. Similarly, let B,, B,, and 8, represent the rotational components of the mid-
surface around the y-, x -, and z -axes, respectively, also shown in Figure 3. At any arbitrary
point within the shell domain, the unknown displacement field of the FG sandwich shell
element consists of six independent degrees of freedom, which are collectively expressed as a
displacement vector:
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u= [uO Vo Wy .Bx By lBZ] (3)
The linear strain-displacement relationship can be given as:
ex
£={3y}=£m+21<; (4)
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The stress components of the FG sandwich structure are related to the strain components
through the linear elastic constitutive law, given as:

(Oxx [Qll Qi O 0 0 ] (Exx
Oyy Q21 Q22 O 0 0 Eyy
0 [{ ey (7

Txy = [ O 0 Q66 O

Tyyz 0 0 0 Qs O Yxz
TyZ 0 0 0 0 Q4.4. )/yz
Where
E(z)
Q11(2) = T(Z)Z:Qu(z) =v(2)Q11(2),Q22(2) = Q11(2)
. ®
B B _ (z)
Q44(2) = Qs5(2) = Qg6(2) = —2(1 +v(2)

The weak formulation for analyzing free vibrations in FG sandwich spherical shells is
presented below:

j 5el DsdQ+J 5y’ CydQ =f sulqdn 9)
Q Q 0
Where
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‘c’:[:cn]’Dz[B Db (10)
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Figure 3
Three-Node Triangular Element
Note. The researcher’s data analysis
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In equation (11) A;;, B;;, D;j and C;; Are given by:
h
2
(Aij» Bij, Dij) = thij(l» z,z%)dz,  i,j =126 (12)
2
h
2
Cij = Kf hQide, l,] = 4,5 (13)
2

Where x = 5/6 represents the transverse shear coefficient. The value xk =5/6 is
commonly used in First-Order Shear Deformation Theory to correct for the simplified
assumption of constant shear strain through the thickness. It compensates for the actual
parabolic shear stress distribution and has been shown to provide accurate results for plates and

shells in many practical cases.

2.3. Formulating the finite element approach for structural shell modeling

We proceed by dividing the bounded domain Q into n¢ finite triangular elements, each
consisting of three nodes, with a total of n™ nodes. This discretization yields an approximate
representation of the domainas Q = z’gil Q., where the intersection of any two distinct element
subdomains satisfies Q; N Q; = @, for i # j. The displacement vector within an element Q. is

©owe Be By BZY

denoted by u® = {u® v
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‘N;(x) 0 0 0 0 0
Al 0 N 0 0 0 0
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e _ l e
u _Z 0 0 0 N 0 o | (14)
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Where d¢ = {u; vi wi Biy Bi, Bi;}" represents the displacement vector at
node i of element e, while N;(x) denotes the shape function associated with that node.

The strain approximations, including membrane, bending, and shear effects for the
triangular element, can be formulated using matrix expressions as shown below:

g = [Bfm Bfnz Bren3]de = B;, d°¢ (15)
k’ =[Bp; Bp, Bp;]d®= B; d° (16)
Ye =[B:; Bg, Bgld® =B:d° (17)

Where
N; 5 0 0 0 0 O
B, =10 Ny, 0 0 0 O (18)
Niy Niy 0 0 0 O
0 0 0 N, 0 0
Bf; = 0 0 O Ni,y 0 (19)
0 0 0 Ny Niyx O
Be — 0 0 N, N, O O 20
st—10 0 N;, N; O (20)

By inserting the displacement approximation into equation (9), the resulting equation
for free vibration takes the following matrix form:

Kd=F, 1)

In which K is the assembled stiffness matrix and F is the corresponding load vector.

n® 22
Kzz K¢, (22)
e=1
_ (23)
Ke = | (B°)'DB®dQ,,
Qe
And
B D™ B 0
B® = (B[, D=|B D 0], (24)
B¢ 0 0 C
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The introduction of the drilling degree of freedom S, may lead to zero stiffness at
specific nodes, particularly when all adjoining elements lie in the same plane. This condition
can result in a singular global stiffness matrix. To overcome this, a small stabilization term is
introduced by assigning a correction coefficient equal to 1073 times the largest diagonal entry
in the element stiffness matrix, specifically at the drilling degree of freedom. This adjustment
helps to prevent locking associated with drill rotation.

3. A finite element framework based on ES-MITC3i for FG sandwich shells
3.1. Overview of the MITC3i element formulation

In the linear triangular MITC3i element, the displacement field u is approximated
through straightforward interpolation using linear basis functions for membrane behavior,
deflections, and rotations, without introducing additional variables. The membrane and bending
strains remain as in the standard finite element formulation, whereas the transverse shear strains
are enhanced via mixed interpolation of their tensor components.

Consequently, the transverse shear strain field is derived as follows (Lee, 2014):
Ywires = [Bs:  Bg, Bgsld® = B{d° (25)

3.2. The ES-MITC3i formulation

In the ES-FEM approach, strain smoothing is performed over local smoothing domains
Q¥ so that the stiffness matrix calculation shifts from being element-based to domain-based.

These smoothing domains are constructed around element edges, satisfying Q = U};Zl Qk with
Q;NQ; =@ fori=+j, where n* represents the total number of edges in the mesh. For shell
structures with curved geometries, each edge-based smoothing domain QF, associated with an
internal edge k, comprises two subdomains corresponding to two adjacent non-planar MITC3i
triangular elements, as illustrated in Figure 5. Its local coordinate system describes each of these
triangular elements 0,%,9,2; and 0,%,9,2,. To evaluate the edge-based smoothed strain in QF
for these two non-coplanar neighboring elements, a virtual coordinate system OX%yZ is
introduced, as shown in Fig. 6. In this system, the X-axis aligns with edge k, the Z-axis points
in the averaged direction of Z; and Z,, and the §-axis is defined by the cross product of the unit
vectors along the X- and Z-axes.

Figure 4
The Smoothing Region 2% Is Constructed from Surrounding Triangular Elements
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Therefore, the smoothed membrane strain &%, bending strain &* , and shear strain y*
within the smoothing domain QF, expressed in the global coordinate system Oxyz, can be
obtained as follows:

~ nk ~ ~ nk ~ ~ nk ~
g =Y Bl df & =Y B df, ¥¢ =X BY df (26)

Where n™* indicates the number of nodes adjacent to edge k, and d]’-‘ refers to the degrees
of freedom at the jth node within the smoothing domain Q* defined in the global coordinate
system Oxyz. The terms By,;, Bf; and BY; denote the smoothed gradient matrices for
membrane, bending, and MITC3i-based shear strains, respectively, at the jth node of the domain
Q¥ in global coordinates. These matrices are obtained through the following expressions:

-~ 11, S
By =27 ). 3A N AaBly A (27)
1=
SO T it R
By, :FZ- 1§AlAb1A%zB;)j Bj (28)
l=
ek
s _ LNl ik Al piogai (29)
st = FZ 1§A AslAszstAOj
i=

Where, AX ,, AX,, and A¥, These are the strain transformation matrices that relate the
o i

global coordinate system Oxyz to the virtual coordinate system 0%§z. Similarly, A%, ,, A}, and

AAA

AL, represent the transformation matrices from the local coordinate frame 092 of the ith

adjacent triangular element to the virtual coordinate frame OX%7Z. In addition, A%j Defines the

transformation from the local system at the jth node of the ith adjacent element to the global
coordinate system Oxyz. Further details regarding these transformation matrices are available
in the referenced literature.

The area A of the smoothing domain QF is computed by:
1
Ak = dQ = _Z Al (30)
ak 3 Lui=q

Where, n®* Denotes the total number of triangular elements adjacent to edge k within the
smoothing domain O, and A* Represents the area of the ith triangular element surrounding that edge.
Figure 5

Element Modeling in Different Coordinate Systems
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As a result, the global stiffness matrix of the FG sandwich shell in equation (21) is
rewritten as:

Kd=F, (31)
K = z K* (32)
i=1
Where
Rk = f (B%)"D B* da, (33)
Qg
With
B = [BY, Bf B (34)

4. Numerical results

This section presents multiple numerical examples to evaluate the effectiveness of the
ES-MITC3i element in analyzing the static bending behavior of Functionally Graded (FG)
sandwich spherical shells. The computed results are then compared with those available in
existing literature. For ease of numerical comparison, the dimensionless displacement
parameter w is defined by the following expression:

100wWE:h3 |

W _ IOWth
qoa* ' -

qoa?

The boundary condition investigated in the numerical examples of this study is the
supported boundary condition, described as follows:

Ug =Wy =@, =0aty=0&y =a. (36)
Vo=wy=¢,=0atx=0&x =a.

First, Table 1 presents the non-dimensional displacement response of a spherical shell
subjected to a uniformly distributed load with a supported boundary condition. The material
and geometric parameters of the shell are as follows: side lengths a = b = 1, length-to-
thickness ratio a/h = 10, radius-to-length ratio R/a =5; E. = 380Gpa, E,, = 70Gpa,
u = 0.3. This table shows that the non-dimensional central displacement obtained using the
present method is in close agreement with the results reported by Sayyad and Ghugal (2021).
Notably, although the present method is based on the First-order Shear Deformation Theory
(FSDT), it yields more accurate results than the standard FSDT. It is closer to the FSDT-based
results of Sayyad and Ghugal (2021). In addition, it is observed that as the volume fraction
increases, indicating a higher proportion of metal relative to ceramic, the displacement response
of the shell also increases.
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Table 1
Non-dimensional Displacement of the Spherical Shell Subjected to Uniformly Distributed Loading

4
Method
0 1 5 10

Sayyad and Ghugal (2021) FSDT 4.1285 8.0729 12.601 14.071
Sayyad and Ghugal (2021) HSDT 4.1570 8.1211 12.807 14.331
8x8 40722 7.9196 12.4529  13.9599

12 x 12 4.1239 8.0199 12.6090 14.1341

Present

16 x 16 4.1417 8.0542  12.6626 14.1940

20 x 20 4.1499 8.0702  12.6875 14.2218

Note. Data analysis results of the research

Next, Table 2 and Table 3 present the everyday and shear stresses of the FG sandwich
spherical shell subjected to uniformly distributed loading and supported boundary conditions.
The dimensions and material properties of the shell are as described above. These tables show
that the results obtained by the proposed method are in excellent agreement with those reported
by Sayyad and Ghugal (2021). Particularly in Table 3, the shear stress results of the proposed
method, although based on the FSDT, are significantly better than those reported by Sayyad
and Ghugal (2021) and are very close to the results obtained by that author using the HSDT.
These comparisons demonstrate that the proposed method yields highly accurate and reliable
results, thereby justifying its application in the subsequent example of the FG sandwich shell.

Table 2
Non-dimensional Normal Stress of the Spherical Shell Subjected to Uniformly Distributed Loading

p
Method

Sayyad and Ghugal (2021) FSDT 2.9519 4.6503 6.6545 7.9565
8x8 2.8704 45079 6.4414 7.7041
12 x 12 2.9125 45746 6.5407 7.8231

Present

16 X 16 2.9277 4.5985 6.5762 7.8656

20 x 20 2.9348 4.6098 6.5929 7.8857

Note. Data analysis results of the research
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Table 3
Non-dimensional Displacement of the Spherical Shell Subjected to Uniformly Distributed Loading

p
0 1 5 10

Sayyad and Ghugal (2021)  FSDT 03027 02984  0.1987 0.2191
Sayyad and Ghugal (2021)  HSDT 04480  0.4435  0.3633 0.4016
8x8 04083  0.4050  0.3149 0.3520

12x12 04245 04205  0.3286 0.3677

16x16 04337 04294  0.3362 0.3763

20x20 04397 04353  0.3412 0.3819

Method

Present

Note. Data analysis results of the research

Finally, an FG sandwich spherical shell with supported boundary conditions subjected
to a sinusoidal load is considered. The geometric dimensions and material properties of the shell
in these examples include: the radius of curvature R /a = 5, the length of shellsa = b = 1, the
length to thickness ratio a/h = 10; the mechanical properties of the material made of the shell
(Al,Zr0,): E, = 151Gpa, E,, = 70Gpa, u = 0.3; the volume fraction index changes in the
order p = 0,1,2,5,10. From the results in Table 4, it can be observed that as the volume
fraction p increases, the central deflection of the shell also increases. Additionally, among the
different sandwich layer configurations, the 1-0-1 type yields the largest deflection response,
whereas the 1-2-1 type results in the smallest deflection. This observation provides engineers
with valuable insight to select the appropriate sandwich configuration based on the specific
design requirements of the structure.

Table 4
Effects of Volume Fraction Index on Dimensionless Deflection of FG Sandwich Spherical Shells

A~

w
P 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1
0 0.2762 0.2764 0.2759 0.2762 0.2759
1 0.4477 0.4033 0.3744 0.4228 0.3877
2 0.5159 0.4567 0.4152 0.4837 0.4336
5 0.5694 0.5080 0.4566 0.5382 0.4775
10 0.5844 0.5275 0.4742 0.5566 0.4946

Note. Data analysis results of the research
5. Conclusion

This study investigates the static bending behavior of functionally graded sandwich
spherical shells by employing the edge-based smoothed finite element method in combination
with the mixed interpolation of tensorial components technique for triangular elements
(ES-MITCai). In this formulation, the stiffness matrices are constructed using strain smoothing
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over the edge-based smoothing domains associated with MITC3i elements. The method utilizes
three-node triangular elements, which facilitates mesh generation, especially for complex
geometries. Numerical results confirm that the ES-MITC3i method provides excellent
agreement with benchmark solutions. Therefore, the proposed ES-MITC3i approach
demonstrates potential as a simple yet effective tool for practical finite element analysis of
functionally graded sandwich shells.
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